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LEARNING CHANCE:
LESSONS FROM A LEARNING-AXES AND BRIDGING-TOOLS PERSPECTIVE

Dor Abrahamson
University of California, Berkeley

The paper builds on design-researclstudiesin the domain of probability and statistics
conductedin middle-schoolclassrooms.The design,ProbLab (Probability Laboratory),
which is part of WilenskyOsOConnecteBrobabilityOproject, integrates:constructionist
projectsin traditional media; individual work in the NetLogo modeling-and-simulation
environment;and networkedparticipatory simulationsin HubNet. An emergentheoretical
model,Olearningixesand bridging tools,Gramesboth the designand the data analysis.A
learning axis is the spaceof potential learning residing betweentwo subconstructof a
domainthat the designeridentifiesas necessaryinterdependentand complementarye.g.,
betweenOtheoreticaprobabilityOand Oempiricalprobability.OThe subconstructsare
embeddeds competingDaffordances©f a bridging tool. A bridging tool is an artifact, a
Omathematicabbject,Odesignedo fosterand sustainstudents@wellingin a learning axis
andhoningthe tensionbetweerthesecoupledsubconstructsoward coordinatingthemas a
newmentalconstruction.Themodelis explicatedby discussinga sampleepisodejn whicha
student reinvents sampling by connecting Olocal® and Oglobald perceptions of a population.

INTRODUCTION

This paperis aboutan experimentalunit designedfor middle-schoolstudents
studying probability and statisticsas well as abouta theoreticalmodel of mathematical
cognition. Design-for-learningand theory-of-learningcoupledin a single design-research
project,are mutually constructive(Cobb, Confrey,diSessal ehrer,& SchaubIeZOOS)Nas
the project progressestheseefforts incrementallyco-coalescénto anintegratedcoherent
framework.Cominginto a project,an experimentalnit is groundedn andemanategrom
the designerOmiitial intuitions asto how a domain might be learnedeffectively. These
intuitions areinformedby personaknowledgeof the domain,previouscontributionsto the
field, andpilot interactionswith studentsshowingdifficulty with the targetmathematical
concepts Subsequentlyas the design-researchaxaminesstudents@teractionswith the
innovative materialsand activities underdevelopmentthe designerQsitial intuitions are
progressivelyarticulatedboth into innovativelearningsupportsandinto a domain-specific
theoreticaimodelof learningandof design-for-learningThis emergentheoreticaimodel,in
turn, framesprinciples of designfor mathematicallearningtools and contextualizing
activitiesNat the leastonly for the targetdomain,and, potentially, for other domains.In
sum,althoughthis paperpresentasdistinctcomponent®f a researctprojectbotha design
rationaleanda perspectiveon students@athematicatognition,thesepiecesof the project
areonly a posterioriunraveled extractedandparsede.g.,in academidext; both hadbeen
concurrentlyandreciprocallyunderdevelopmentand co-emergingFinally, the plausibility
andutility of atheoreticaimodelcould be evaluatedn termsof the coherencet lendsto the
projectNframing boththe designof learningsupportsandthe analysisof classroondatathat
are collectedduring the implementatiorof the design.This designbtheorgoherencevould
not be useful, however,if the designitself did not supportclassroomactivities that the
designerbresearchémm the standpointof particularpedagogicatommitmentsgevaluates
as useful learning experiences for the participant students.

Following, | will begin by explaining the learning-axes-and-bridging-tools
perspectivahatgrew out of working with studentsvho interactedwith the design.Second)
will introduce ProbLab (Abrahamson& Wilensky, 2002) an experimentalunit in
probability and statisticsdesignedfor middle-schoolstudentsNI will explain the design
rationaleof the unit andseveralof its key componentsThird, | will demonstrate sample
classroomepisodethat | frame from the learning-axes-and-bridging-toofserspective.
Finally, | outline furtherwork underwayalongthe paralleldevelopmentracksof designand
theoretical modeling and raise questions regarding the nature of mathematical intuition.



LEARNING AXES AND BRIDGING TOOLS (LA&BT)

Learningaxesandbridging tools (hence OLA&BT")aretheoretical-cum-pragmatic
constructsfor design-researcin mathematicseducation.The two constructsare inter-
defining,with alearningaxisbeingmoreaboutthe cognitionof mathematicsanda bridging
tool being more aboutthe designof learningenvironmentsThesetwo constructswhich
haveemergedhroughstudiesof studentlearningin diversemathematicaomains,enable
articulation of design rationalesin terms of understandingsf how studentslearn
mathematics.In turn, these constructsenable analysis and description of students®
mathematical learning in terms of their interactions with the designs.
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Figure 1 A bridging tool anchoring student construction of the commutative property of
multiplication. Attending alternately to 2 rows of 3 XOs or 3 columns of 2 XOsNtwo
competing disambiguations of this ambiguous figureNmay stimulate student insight.

Figurel, above,is an exampleof a picturethat could serveasa bridgingtool in a
mathematics-educatiotlesign.The picture can be attendedto in manywaysNit affords
different perceptions.Two of the possibleinterpretationsof this pictureNthe plctureOs
meaningsNareas2 rows eachmadeup of 3 XOsr as3 columnseachmadeup of 2 XOsFor
the learnerto build newunderstandingvith thesecontrastingneaningss/hewould needto
be awareof somequality of the picturethatis conservedodr remainsconstantacrossthe
competingperceptionsin this casethe constanis the cardinalityof the group(6 XOspr the
Oobject permanenceO of the picture (knowing that the picture desdlyiohange).

Betweentwo alternatemeaningsfor a single object extendsthe learning axis, a
spaceof potentiallearning.The potentiallearningis evokedwhenthe coexistencef two
competingperceptionsis foregroundedand problematized,stimulating the learnerto
constructand possiblyarticulatea viable reconciliation(a Obridging®df thesecompeting
perceptionsin this case,one might constructthe commutativeproperty of multiplication
(a*b = b*a) as a reinvented rule that relaxes the tension inherent in the objectOs ambiguity.

The LA&BT frameworkbuilds upon prior contributionsto the LearningSciences
that haverespondedo a, once prevalent,subjectbobjectiualismby creatingmodelsof
learning-as-mental-constructi@nd havetheorizedasto what exactlyis constructedand
how (Abrahamson& Wilensky, 2004; Freudenthal,1973) MathematicalOknowing®
(conceptualinderstanding)s takenin this frameworkto be activity basedjnstantiatedn
spatialbtemporamagesthat are groundedin learners@mbodiedinteractionswith the
mathematicainstrumentsandprogressiveharticulatedasgenerativeproblem-solvingskills.
Given a constructivistpedagogicacommitmentand given a targetmathematicadomain,
LA&BT aims to provide specificity for implementing the pedagogy in the form of didactics.

PROBLAB DESIGN RATIONALE AND KEY MATERIALS AND ACIVITIES

ProbLab, createdunder the umbrella of the ConnectedProbability project
(Wilensky, 1997) is basedon a particularreadingof previousanalyseof studentdifficulty
in understandinghe conceptsof probability and statistics.This readinghighlights pairs of
apparentlyjuxtaposedphenomenaunderlying the domain, such as randomnessvs.
determinismdependents. independenevents,andmeanvs. range,andcouchesstudents@
difficulty with the domainasa struggleto bridgetheseapparenfuxtapositionsThis domain
analysis,n turn, informsthe designprinciple that studentshouldbe given opportunitieso
focuson the conceptuapairsthey havedifficulty bridging,i.e. to dwell in the designated
learningaxes.This designprinciple is implementedhroughdevelopingbridging tools and
contextualizingactivitiesthat supportstudents@®xperiencinghe conceptuatensionsof the



domain toward unraveling the learning issues as articulated reconciliations of the tensions.
ProbLabis a mixed-mediaunit (AbrahamsonBlikstein, Lamberty,& Wilensky,
2005).1t includesactivities aroundbridging tools that are built in traditional media,e.g.,
crayonsandpaper,in the NetLogo(Wilensky, 1999)modeling-and-simulationomputational
environmentandin HubNet(Wilensky & Stroup,1999),atechnologicaplatformenablinga
whole classroonto participatein activity-basednquiry by operatingelectronicavatarshat
OliveGand Omovedn a sharedenvironment.l now briefly overview selectedmaterials,
focusing on their embeddedearning axesand on the activities that evoke both the
construction of these axes and negotiation along them toward reinvention of math constructs.
Thebasicstochastiovzariablein ProbLabis a singlesquarehatcanbe eithergreenor
blue. In atheoretical,combinatorial-analysis;ontext,this meansthat studentscan choose
whetherto colorin this squarewith a greencrayonor a blue crayon.ln anempiricalcontext,
suchasin a computer-basedimulationof a probability experiment,this squarewould
becomeeither greenor blue at some chancelevel. Yet the basic stochasticobjectin
ProbLabNthe Omath-thematical®bjectNis the 9-block (seeFigure 2, below, on the left),
whichis acollectionof 9 suchsquaresn theform of a 3-by-3grid. Hereagain,eachof these
squarescan be either greenor blue. There are 2°=512 possiblearrangement®f the
green/blue 9-block (see Figure 2, below, second from left, for one possibility of these).

Figure 2.The 9-block, ProbLab's OmattematicalO object.

Working first asindividualsandthenin a collaborativeclassroomneffort (seeFigure
2, above) studentreatethe entirecombinatorialspaceof the 9-blockandassemblét in the
form of a combinationgtower. Figure 3, below, on the left, showsa computerimageof the
entiretoweranda detailfrom its base In thesel0 columns,9-blocksarearrangedaccording
to the numberof greensquaresn them (from 0 to 9). This tower, oncedisplayedin the
classroom, extends from the classroom floor up to the ceiling (see Figure 3, below, center).
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Figure 3 The combinations tower juxtaposed with the outcome distribution.

In a subsequent activity, students interact with a NetLogo simul&@tiBigcks
(Figure 3, above, on the right). In this model, 9-blocks are generated randomly (each of the 9
squares OchoosesO between green and blue). A histogram aggregates the number of
occurrences of 9-blocks by the number of green squares in each. For example, in the figure
above, there are 6 green squares, and so the O60 column has risen by one unit. Note the
figural resemblance between the combinations tower, a structure reflecting theoretical
analysis, and the histogram that was produced through random generation of independent



outcomes. This shape is a bridging toolNin the context of the theoretical-analysis activity it
is a combinatorial space, but in the context of the empirical-experiment activity it is an
outcome distribution. How can a single shape be at once both theoretical and empirical?

The insight that reconciles the ambiguity of the tower-cum-distribution shape is that
even though the computer is choosing randomly between all possible 9-blocks, it has a
greater chance of choosing samples from the central columns of the tower, because there are
more samples there to choose from. For example, when taking 5120 samples, each of the 512
unique items appears about 10 times, so the tower OstretchesO up discretely by a factor of 10.
Even though this scaling up is not uniformNsome items chance to appear more than
othersNthe multiplicative relation between columns is by-and-large maintained, since sets
of items compensate for each other within columns. This qualitative articulation of
randomness captures local uncertainty, i.e., that we can never predict the next sample, whilst
maintaining a quasi-determinist sense of the aggregate, emergent distribution, i.e., over a
sufficient number of trials, the distribution progressively converges on an anticipated shape.

A SAMPLE CLASSROOM EPISODE FROM THE LA&BT PERSPECTIVE:THE
LOCALDGLOBAL LEARNING AXIS COHERES AS A SAMPLE

Earlier,| explainedthatthe learning-axegheoreticalframeworkis instrumentalin
the analysisof mathematicatlomains,andthatthis analysis,in turn, informs the designof
bridging-toolsfor classroomactivities. In this sectionl demonstratehow the LA&BT
perspectivalsocanbe usedaslensesfor analyzingclassroondata.Using the samelenses
bothtowardsandfollowing classroonimplementation$ielpsus evaluatethe efficacy of our
activity design.In particular, we selectepisodesin the data that, to our judgment,
demonstratstudentinsightandinventivenessandwe work to articulatethis insightin terms
of the bridging tools the studentswere working with, the activity that contextualizedhe
studentOwork, the underlying learning axis stimulatedby this bridging tool, and the
statisticalconstructhatthe axis potentiallycoheresas.Following, we will examinea sample
classroonepisodeso asto explainin depthoneclusterof the learningaxes,bridgingtools,
and statisticalconstructsthat are enfoldedin the designand are enabledthroughstudent
participation in the classroom activities.

S.A.M.P.L.E.R,StatisticsAs Multi-ParticipantLearning-EnvironmenResourceis
a statisticsrelatedactivity in which studentsdeterminethe greennessf a OpopulationOf
thousand®f green/bluesquaresn alarge Omosaic.@/ithout beinginstructedin sampling,
studentswho engagedin this activity performedquasi-samplingactions. Students:(a)
attendedo selectedspatiallocationsin the population;(b) usedcountingactionsto inform
their senseof the greenneswvithin theseselectedocations;and(c) coordinatednformation
from these samples so as to determine the populationOs global value of greenness.

Figure 4 S.A.M.P.L.E.R. population, and a student explaining how he determined a value
for the population greenness. The student alternates between OlocalO and OglobalO modes.

Uponcloselyattendingto students@erbaldescriptionaanestutesit appearghat
their guesseswere informed both by counting tiny squares(OlocalCactions) and by



eyeballingthe entire populationandassigningo it a greennessalue (Oglobal@ctions).So
studentavereusingtwo differentmethodsiocal enumeratioractionsanda globalperceptual
judgment.Importantly, studentsdid not appearijnitially, to be awarethatthey were using
two different methodsnor did they appearto coordinatethesemethodsascomplementary.
Yet, throughdiscussionwith their peersand the facilitator, studentshad opportunitiesto
connect between these personal resources, as the following transcription demonstrates.
Researcher [standingDevvy, a low-achievingstudent,who is working on his
individual laptop computeNVhat are you doing here?
Devvy: [gazingat the S.A.M.P.L.E.R.population,indexfinger hopsrapidly along
adjacent locations in the population; see Figure 4, alfoeehting the squares.
Res What did you come up with?
Dev. [hands off screen, gazing at it; mumbles, hesitates]ind 60 or 59 percent.
Res SorryE so, show meexactlywhat youOre counting here.
Dev: Green squares,[right indexon screenswirls at onelocation,hopsto another,
unfurling fingers]Ocause it says, OFind the percentage of the green squares.O
Res UhmOhmm
Dev: Soif you were to look at it [left hand,fingers splayed,brushesdown the
whole populationand off the screen]and sort of averageit out, [touchesthe
Oinputbutton]itOdprobably equ...[index on population,rubbingrapidly up and
down at center,usinglittle motionsandwanderingoff to the left andthendown]
1tOd probably go to 59 or 60.
Res And how did you get that number?
Dev: [index strokespopulationalongdiagonalbackandforth] BecauseitOsalmost
even, but | think thereOs a little bit more green than blue.

DevvyOsactions are not statistically rigorousNhe is not taking equally sized
samplesnor is he systematicallycountingthe numberof greensquaresn eachsampleor
methodicallyaveragingvaluesfrom thesecounts.But his actionsare proto-statistical
(Resnick,1992)Nwithout any formal backgroundin statisticalanalysis,Devvy is going
through the motions of statisticalanalysis,if qualitatively: skimming the population,
attendingto selectedocations,comparingmpressiongrom theseocations,anddetermining
a global value. Albeit, Devvy appeargo acknowledgehe tenuousnessf his methodsin
qualifying his suggested strategy as®ofaverage it out.O

WhereasDevvyOspontaneoutocal and global methodsare as yet disconnected,
both methodsare groundedin the sameobject, the S.A.M.P.L.E.R.population. This
Ocommogrounds@onstituteghe platform or arenauponwhich Devvy may negotiatethe
competingmentalresourcesand bridge them. Devvy may havealreadybegunbuilding a
micro-to-macracontinuumby attendingto clustersof tiny squaresi.e. Osamples.Through
participatingin the S.A.M.P.L.E.R.activities, DevvyOsproportional judgmentscould
possiblybe connectedo his actsof counting.Yet, at this point in the classroomactivities,
this studentOmited fluency in applying proportionalconstructsdoesnot enablehim to
guantify his proportionaljudgmentin termsof the local data. Therefore,he beginswith a
local narrative but, when pressed for an exact answer, he switches to a global approximation.

In summaryof this episode,6™-gradestudentshave personalresourceghat are
relevantto statisticalreasoningThe ProbLabactivitiesstimulatetheseresourcesandsupport
students@oordinationbetweentheseresourcesSpecifically,in the contextof determining
the greennessf the S.A.M.P.L.E.R populationNthebridgingtool in this episodeNstudents
invent sampling as an action that reconciles enumeration and perceptual judgment.

CONCLUSION, LIMITATIONS, AND FUTURE WORK

I do not claim thatthe LA&BT perspectives a design-for-learningpanacedor
mathematicseducation.The theoreticalmodel addresses certainclassof mathematical
topicsstructuredaspairsof conceptuabuilding blocksthateachneedto befit togetherand
that both can,in turn, be embeddedas perceptionsof a single artifact (object, computer-
basedsimulation,etc.). At this point, | cannotfathomthe proportionof mathematicatopics



that can be fashionedas abiding with these necessaryconstraints.Nevertheless,
mathematicadomainscan plausibly be characterizedn termsof the particulartypes of
difficulties with which they confrontlearnersandalearning-axeperspectiveould possibly
frameataxonomyof thesedifficulties towarddevelopindearningsupportsandprofessional-
developmenemphasesailoredto particulardomains.Questionswe could thenask might
be: What are the bits of knowledgethat needto be conjoinedin new ways in orderto
understandlomainX?; Why may it be challengingto conjoin thesebits of knowledge¥or
instance aretheseconceptuatomponentsnitially construedascontradictory?Are the axis
componentdy necessitydialectically co-defining?What of learningsystemsratherthan
axesNDoeslearningadvanceasa gradualpairing of stable-enouglonceptspr canseveral
bits of knowledge come togetherall at once? Are some learning axesin principle
unbridgeable?Vhat is the nature of the relationship betweenintuitive and formal
mathematicaknowledgeNDointuitive perceptuajudgmentseverbecomearticulatedor are
they essentiallyonly validatedthroughappropriationof formal proceduresMight OsimpleO
concepts, e.g., multiplication, also be, in fact, opaque composites in need of bridging?
Both the designof ProbLabandits associatedesearchof students@ognition of
probability and statisticswill continueunderthe SeeingChanceproject. Conclusionsrom
the previousimplementation®f ProbLabhavenow beenappliedtowardhoningthe bridging
tools,andtheseimprovedtools arebeingresearchedyeginningwith individual studentsand
thenscalingup to classroomswherewe will attemptto capturelearninggains.The LA&BT
perspectivawill be developedalongthreetracts: The perspectivewill be: (a) furtherrefined
vis-"-vis Cognitive-Sciencesodelsof learning; (b) couchedand packagedn forms that
may be useful for mathematicsteachers;and (c) appliedto other mathematicaland,
potentially, scientific concepts.Ultimately, the perspectivecould help practitionersof
mathematicseducationNteachersgesigners,and researcherslikeNgain insight into
studentsO difficulty with mathematical concepts and respond effectively to this difficulty.
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